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The mean amplitudes and the interatomic distances of BBr3 have been determined by the 

sector-microphotometer method of gas electron diffraction. The B-Br and Br-Br distances

(rg) have been found to be  1.8932±0.0054Aand 3.2830±0.0053  A respectively. The values

of the mean amplitudes are dependent on the atomic scattering factors used in the analysis. 

The complex scattering factors for B and Br, as calculated on the basis of the Hartree-Fock potential, 

have given mean amplitudes which are consistent with the vibrational frequencies observed by 

spectroscopy, while the mean amplitudes derived from the use of other scattering factors are 

less reasonable. It has been shown that the Hartree-Fock function for the Br atom is a better 

representation of the atomic potential function than the Thomas-Fermi function. The utility of 

the method of gas electron diffraction for the study of atomic scattering factors and atomic po-

tential functions in some favorable cases has been pointed out.
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Although the difference between the absolute 
values |f| of the complex atomic scattering factor 
and the Born scattering factor, fB, is large for atoms 
of large atomic numbers, it does not necessarily 
cause serious trouble in the analysis of usual mol-
ecules by gas electron diffraction, since in the cal-
culation of the molecular intensity the difference 
which appears in the numerator (the total intensity) 
compensates for that in the denominator (the back-
ground). 

For boron tribromide, however, the difference 
in the scattering factors has a serious effect on the 
observed value of the mean amplitude, l(B-Br). 
This suggests that information about the atomic 
scattering factors may be obtained from gas electron 
diffraction; it is possible to make a critical examina-
tion of the theoretical scattering factors by compar-
ing the value of l(B-Br) estimated from the observed 
vibrational frequencies with the observed values 
of l(B-Br), which depend on the scattering factors 
used in the analysis. The experimental back-

grounds should provide additional information 
about the theoretical scattering factors. 

It also seems important to determine the molecular 
structure of boron tribromide as accurately as 

possible by taking into consideration the effect of 
the scattering factors. One electron diffraction 
study of boron tribromide has been carried out, 
by the visual method, by Levy and Brockway.1)
Their results were:r(B-Br)=1.87±0.02A and

r(Br-Br)=3.25±0.03 A.

Experimental 

The diffraction apparatus used in this study was the 
same as that reported on in a previous paper.2) The 
diffraction patterns were taken on Fuji Process Hard 
plates by using an ra sector. The camera distances were 
either 11.8 cm. (short camera distance), which covered 
the region from q=17 to q=98, or 27.9 cm. (long camera 
distance), which covered the region from q=6 to q=36. 
The accelerating voltage (43 kV.) was automatically 
stabilized within 0.1 % during the experiment. The 
sample of a commercial grade was purified by distillation. 
KEL-F stopcock grease was used to avoid the erosion 
of the lubricant by the sample. The gas sample was 
led into the diffraction chamber through a drum-type 
nozzle (the same as that reported on in a preceding
paper)3) at the temperature of  17℃.The beam cur-

rent was about 0.005 and 0.002  μamp., and the exposure
times were about 3 and 5 min. for the short and long 
camera distances respectively. The wavelengths of 
the primary electron beam were measured by making 

use of the transimission patterns of gold foil.
The densities of the photographs developed at  20℃

for 5 minutes with an FD-131 developer were measured 
using a Rigaku-Denki MP-3 microphotometer. The 
undesirable effects of the time lag of the recorder were 
eliminated by the method described in a preceding 
paper.3) Seven plates for each camera distance were 
used for analysis. The optical densities (0.1-0.6) 
of these plates were all within the range where the 
linearity between density and intensity has been establish-
ed by experiment.4) 

Analysis 

A molecular intensity curve was obtained by 
drawing a smooth background line through the 
undulation of the intensity curve corrected for im-
perfections in the sector shape. The background 
line was corrected according to the criterion of 
minimum ghosts in the radial distribution curve.5) 

Two sets of atomic scattering factors were used 
to calculate the radial distribution curves: the Born 
scattering factors, fB, as calculated by several au-
thors 6-8), and the absolute value, |f|, of the com-
plex scattering factors as calculated by Ibers and
Hoerni 9) (Fig. 1). The phase shifts,  ⊿ηBBr=
ηBr-ηB, taken from their table were used for both

sets. The inelastic scattering factors were taken 

from the table of Bewilogua.10) 

The expression of molecular intensity is given 

by 11):

(1)

where :

(2)

(3)
The curves of the  μ-factors μBBr cos ⊿ηBBr and

μBrBr are
 shown in Fig. 2. Since the values of

1-μBBr cos ⊿ηBBr  are not small for a small q

region (q<17) or for a large q region (q>50), 
the usual corrections 12) for non-nuclear scattering,
1-μij cos ⊿ηij, are not suitable. The molecular

intensity for the short camera distance was, there-
fore, modified into the following qM(q)c by adding
the correction term of  ⊿qM(q) to Eq. 1, taking into

account the apparent splitting of the B-Br distance 

because of the failure of the Born approximation:11)
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Fig. 1. Atomic scattering factors for the boron and bromine atoms.

where fB is the Born scattering factor and fx is

the atomic form factor for X-rays.

where |f|T.F. is the absolute value of the complex

scattering factor calculated from the Thomas-Fermi potential.

where |f|H.F. is the absolute value of the complex

scattering factor calculated from the Hartree-Fock potential.

Fig.2. μ-factors  of boron tribromide.

(4) (5)

The molecular intensity for the long camera 

distance, on the other hand, was obtained by-

adding to Eq. 1 the correction term of  ⊿qM(q),
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TABLE 1. RESULTS OF THE LEAST-SQUARES ANALYSIS (r, l in A units)

* The minimum l(B-Br) value allowed by spectroscopic data is 0.0502 A

which takes into account the apparent increase 

in the B-Br mean amplitude because of the slight 

deviation from the Born formula:13)

(6)

(7)

where :

(8)

and where γ is a constant.

As a result of the above modifications, the  ⊿qM(q)

values, shown in Fig. 3, were made much smaller 

than the conventional correction terms, 1-

μij cos ⊿ηij.

When the backgrounds were revised by the non-
negativity criterion of the radial distribution curve,5) 
the molecular intensity for the long camera distance 
(q=6-36) agreed with that for the short distance 
(q=17-98), especially over the region q=18-25 
(Fig. 4). 

Seven molecular intensity curves were obtained 
by combining each one of the molecular intensity 
curves for the short camera distance with any one 
of those for the long distance in the above q region 
(18-25). The molecular parameters were de-
termined by the least-squares fitting of the observed 
molecular intensity to the following theoretical

expression,14) including the anharmonicity para-

meters x, which were neglected in the above treat-

ment of the radial distribution curves:

(9)

The anharmonicity parameters, K, were estimated 

in the way reported on in a preceding paper 3); 

they were not varied as parameters. The results 

of the least-squares analysis are listed in Table I. 

Results and Discussion 

Mean Amplitudes and Atomic Scattering 

Factors.-According to the scattering theory of

partial waves, the atomic scattering factors, f(θ),
which are required in the analysis of gas electron 

diffraction are given by:

(10)

for the elastic scattering of electrons by a central 
potential, V(r). Here k is the wave number of
the electron, and δl  is the phase shift of the Zth

partial wave. The complex scattering factors, 
|f|ein, were calculated by Ibers and Hoerni by 

this formula.9) 
The atomic scattering factors given by the first 

Born approximation is:

(11)

13) L. S. Bartell, and L. O. Brockway, Nature, 171, 978 (1953).

14) Y. Morino, K. Kuchitsu, T. Iijima and Y. Murata, J. 
Chem. Soc. Japan, Pure Chem. Sect. (Nippon Kagaku Zasshi), 83, 
803 (1962).
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Fig. 3. Corrections for non-nuclear scattering.

Fig. 4. The molecular scattering intensity observed at the short camera 
distance (solid line) and at the long camera distance (dashed line).

Fig. 5. Correlation curve of two mean amplitudes. 
H: The observed values obtained by using the 

complex scattering factors calculated from 

the Hartree-Fock potential. 
S : Calculated values from spectroscopic data.

which is related to the X-ray form factor,  fx(θ),by:

(12)

where m is the relativistic mass of the incident

electron.

While the phase shift,  η,calculated by the meth-

od of partial waves has been used in most of the 
recent analysis, the Born scattering factor, fB, has 
sometimes been used in place of the absolute value, 

|f|. This is possibly due to the fact that fB has 
been regarded as more reliable than the |f| value 
as calculated by Ibers and Hoerni, since their par-
tial-waves calculations for most atoms were based 
on the Thomas-Fermi potential. 

The difference between |f| and fB is large for 
heavy atoms, but its effect is negligible for most 
molecules in the calculation of the molecular scatter-
ing intensity, qM(q), since the scattering factors 
appear in the numerator and in the denominator
of the μ-factor,  so the effect is essentially cancelled.

Consequently, the difference between the scattering 
factors, |f| and fB, is large for the bromine atom 
(Fig. 1), but it has only a negligible effect on the
μ-factor  of the Br-Br pair (Fig. 2). For the B-Br

pair, however, the difference in the scattering
factors has a great influence on the  μ-factor, as
is shown in Fig. 2. This can be easily understood

from the following approximate expression of  μBBr,
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which is obtained by neglecting the |F| of the boron 
atom and the inelastic scattering factors, Sk, rel-
ative to the |F| of the bromine atom in the denom-
inator of fBBr:

(13)

If the scattering factor |f| is replaced by fB in this 
fraction, the denominator changes considerably, 
while the numerator remains almost unchanged.
The value of μBBr cos ⊿ηBBr  then changes the

least-squares result of the mean amplitude, l(B-Br), 
seriously. 

In a preceding paper,3) it was shown that the 
value of l(B-Br) takes a minimum value when one 
of the off-diagonal elements of the L matrix, L34, 
equals zero. The minum value of l(B-Br) allowed 
by the observed vibrational frequencies is 0.0502 A
at 17℃. Since it is expected, on the basis of the

well-known empirical rule stated in the preceding 
paper, 2) that the value of L34 is very nearly zero, 
the true value of l(B-Br) is expected to be very 
close to the minimum value, 0.0502 A. The l-l 
curve of BBr3 is shown in Fig. 5, while the vibrational 
frequencies used in the calculation are listed in 
Table 11.15) 

TABLE II. FUNDAMENTAL FREQUENCIES USED 
IN THE CALCULATION a)

a) Ref. 15. 
b) Limits of error assumed in the present study. 

The least-squares result of l(B-Br) obtained by 
using fB is much smaller than the above minimum 
value and the values of the mean amplitudes ob-
served for ordinary molecules. The l(B-Br) value 
obtained by using the |f| value calculated by Ibers 
and Hoerni is about twice the value given by fB, 
but it is still inconsistent with the spectroscopic 
value. This is possibly to be ascribed to the errors 
associated with the use of the Thomas-Fermi po-
tential function for the bromine atom in the partial-
waves calculation of Ibers and Hoerni.9) 

The complex scattering factors of the bromine 
atom have recently been calculated by using the 
Hartree-Fock potential by Bonham and Peacher,16) 
but those of the boron atom had never been cal-
culated from the Hartree-Fock potential. The 
boron-scattering factors were, therefore, calculated 
in the present study by the method of partial waves 
by using the Hartree-Fock potential. The results

of the calculations are shown in the Appendix.

The values of |f(θ)|  are found to be nearly equal

to those obtained from the Thomas-Fermi potential

(Fig. 1), whereas the phase shifts  ⊿η(θ) are apprecia-
bly smaller (Fig. 6) ; this makes the factor  μBBr
cos ⊿ηBBr  increase (Fig. 2). The least-squares re-
suits obtained by using the new  μ-factors are shown
in Table I (C). It is noticeable that the standard 
error of the least-squares analysis for l(B-Br) was
made smaller by the use of the revised  μ-factors.

The apparent increase in the mean amplitudes 
due to the sample delocalization was estimated by 
comparing the observed background line with the 
theoretical one obtained from the absolute values, 
of the complex atomic scattering factors. The 
corrections were -0.0012A and -0.0019A for 
l(B-Br) and l(Br-Br) respectively. 

The estimation of the experimental errors in 
the mean amplitudes is shown in Table III, while 
the final results obtained by using the scattering 
factors calculated from the Hartree-Fock potential 

TABLE III. LIMITS OF ERROR OF THE MEAN 
AMPLITUDES AND INDEX (1 in A units)

TABLE IV. LIMITS OF ERROR OF THE ATOMIC 
DISTANCES (in A units)

TABLE V. FINAL RESULTS OF THE MOLECULAR 

CONSTANTS OBTAINED BY USING THE SCAT-

TERING FACTOR CALCULATED FROM THE 

HARTREE-FOCK POTENTIAL BY THE METHOD

OF PARTIAL WAVES (rg, l and  δg in A units)

15) T. Wentink, Jr. and V. H. Tiensuu, J. Chem. Phys., 28, 
826 (1958). 

16) R. A. Bonham and J. L. Peacher, Private communication 
(1965).



1152 Shigehiro KONAKA, Tetsuzo ITO and Yonezo MORINO [Vol. 39, No. 6

Fig. 6. Phase shift  ηB and ⊿ηBBr.
- Calculated from the Thomas-Fermi potential (Ref. 9).

… … Calculated  from the Hartree-Fock potential.

Fig. 7. Comparison of the observed and theoretical background intensities 
in an arbitrary scale. 
- Observed: (a) long camera distance (b) short camera distance.
-・-・- fB --------|f|

T.F. Tneoretical. 
…|f|H

,F.

by the method of partial waves are listed in Table V. 
As is shown in Fig. 5, both the l(B-Br) and l(Br-

Br) values are now compatible with those calculated 
from the observed vibrational frequencies. From 
the present gas electron diffraction study of boron 
tribromide, the Hartree-Fock function is, hence, 
found to be a better representation of the atomic 
potential function than the Thomas-Fermi function 
for the bromine atom, which has an intermediate 
atomic number. 

Atomic Distances.-The corrections for the 
nozzle asymmetry stated in the preceding paper 3) 
are -0.0011A and -0.0020 A for r(B-Br) and 
r(Br-Br) respectively. 

The limits of error of the atomic distances are 
estimated to be as shown in Table IV. Table V 
shows the final results obtained by using the scat-

tering factor calculated from the Hartree-Fock 
potential by the method of partial waves. The 
results of the atomic distances are consistent with 
those given in a previous paper.1) 

A Comparison of the Theoretical and Ob-
served Backgrounds.-In Fig. 7, the theoretical 
backgrounds calculated from the three atomic 
scattering factors are compared with the observed 
backgrounds. It is found that the |f|T.F, scatter-
ing factors gave a poorer background than the 
Born scattering factors. This tendency was also 
encountered in the analysis of boron trichloride. 

For boron trifluoride and boron trichloride, the 
Born scattering factors gave results similar to those 
obtained from the Hartree-Fock complex scatter-
ing factors in the calculations of the mean am-
plitudes and the backgrounds.3) For boron tri-
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bromide, however, the Born scattering factors were 
found to give less reasonable backgrounds than the 

|f|H.F. factors. This gives additional support for 
the conclusion of the previous subsection that the 

|f|H.F. scattering factor is superior to fB for 
bromine. 

Summary 

Boron tribromide has been studied by the sector-
microphotometer method of electron diffraction 
in order to make a critical examination of the atomic 
scattering factors. The complex atomic scattering 
factors, |f|H .F.einH.F., calculated from the Hartree-
Fock potentials have provided a more reasonable 
value of the mean amplitude, l(B-Br), than the Born 
and Thomas-Fermi scattering factors, fBeinT.F. and 

|f|T.F.einT.F. The theoretical background curve 
calculated from |f|H .F. is also in better agreement 
with the observed one than are those calculated 
from the other scattering factors. This indicates 
that the Hartree-Fock potential function is a better 
representation of the atomic potential function than 
the Thomas-Fermi function for the bromine atom. 
The present study suggests the usefulness of the 
method of gas electron diffraction for the study of 
atomic scattering factors and atomic potential 
functions in some favorable cases. 

The authors wish to express their thanks to 
Professor R. A. Bonham for his advice in the calcula-
tion of the complex atomic scattering factors. 

Appendix 

Partial-waves Calculations of the Scattering 
Factors of the Boron and Bromine Atoms by the 
Use of the Hartree-Fock Potential.-The Hartree-
Fock potential has been expressed by Bonham 17) in 
the following analytical expression:

(A1)

TABLE VI. PHASES OF PARTIAL WAVES  δl OF

BORON CALCULATED FROM THE HARTREE-

FOCK POTENTIAL AT 40 kV.

where j takes the values of 1 and 2 for boron, and 1, 
2, and 3 for bromine. The phases of the partial waves 18) 
have been calculated by the Born phase formula:

where α is 4π 2 me2Z/h2k, Ql is the Legendre polynomial

TABLE VII. VALUES OF COMPLEX SCATTERING 

FACTORS OF BORON AT 40 kV. CALCULATED 

FROM THE THOMAS-FERMI AND THE HARTREE-

FOCK POTENTIALS

a) Interpolated values according to the table 
of Ibers and Hoerni (Ref. 9). 

b) Present calculation. 

TABLE VIII. COMPLEX SCATTERING FACTORS OF 
BROMINE AT 40 kV. CALCULATED FROM THE 

THOMAS-FERMI AND THE HARTREE-FOLK 
POTENTIALS

a) Interpolated values according to the table of 
Ibers and Hoerni (Ref. 9). 

b) Ref. 16. Present calculations have given 
almost identical results.

17) T. G. Strand and R. A. Bonham, J. Chem. Phys., 40, 1686 
(1964). 18) J. Karle and R. A. Bonham, ibid. 40, 1396 (1964).
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of the second kind, and Ql' is the first derivative of Ql. 
When l is large, this formula can be approximated by:

(A3)

where K0 and K1 are the modified Bessel functions of 
the second kind. The phases can also be evaluated 
by the asymptotic WKBJ formula:

(A4)

which is reduced to Eq. A3 by using Eq. Al for the po-

tential V(r).19,20) Selected values of the

 

δl of the boron

atom are listed in Table VI. 
The sum in Eq. 10 in the text has been taken in the 

range of 0<l<250 by using the phases of the partial 
waves given by Eq. A3, which may be good approxima-
tions for both the Born phases and the WKBJ phases. 
The results of the partial-waves calculations are shown 
in Tables VII and VIII.

19) T. Tietz, ibid., 42, 2251 (1965). 
20) J. A. Hoerni and J. A. Ibers, Phys. Rev., 91, 1182 (1953).


